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-tyapunnestabilitf:

- Stability is an important concept in engineering
- Lyapunov foenetim method is a powerful tool

to ensure stability and study convergence-
of solutions to eqlb . points

- Consider time-invariant (autonomous) system,

I - fcx)

- Suppose I is an eqlb . point .

- without loss of generality, we assume I-0

DI : Iso is stable if
,
HE> o , ]- d> o sit.
-

UNNI < d ⇒ 11×11-111 LE

solution remains

arbitrary closet. I
if it starts close

enough to I



Def: I -o is asymptotically (AS ) , if

d) it is stable

a) and 3- 82>0 Sat.

11 ✗a) 11<82 ⇒ Lim ✗a) =D
1-→or

solutions starting close enough to £-0

would Cmeeerge to Ñ-o
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Dff : The set of all initial conditions from which

the solution canxerges to 0 is called

region of attraction.

-
For AS , region of attraction is a ball of radius of

Def: I- o is Globally Asymptotically Stable CGAS)
if it is AS and region of attraction -- IRM

-
GAS -> AS

- These definitions do not consider the rate

of eanxergenee . did not cower in class

Def : Ñzo is exponentially stable if
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byapunrllfunctions :
-

1-et Y :1R"→lR be continuously differentiable

- 11cm is positive definite if
-

Von -0 and Val >☐ 4- ✗$0

- Vcx) is radially unbounded if

Val →• as uxn→&

Examples :

-
11cm - ✗TPX is positive -def and medially unhmrde

if P is positive -definite matrix

- Van - ca -ai is neither p.at nav radially
unbounded

1



-
Consider the system I - fcx)

- Haiti ) is the value of function V along
the trajectory .

-
The rate of change of Valets ) with time t

dqkxu-il-IY-cxu.FIa)
T

= ¥-61m) fcxcti)

:= I:÷a⇒ . . . . :#*⇒ [÷
"

trace,
]

-
one can disregard t and define

Ñc✗)- 8¥ for) as function of ✗

-
This gives the rate of change of it for trajectory
that passes ✗ .



8-18 Infants ✗ c-IR

UGA - 1-2×2

Oken da llcxcti) = ¥-97, Icts

- ✗ Ct) a ✗ Cf)

- a ✗ its

-⇒ Ñc✗ ) - a ✗2

Example ?
- I - AX ✗ c-IR

"

Vale lgxtpx
- A is onxn matrix

- Pis man symmetries matrix .

⑤Review
derivative

of

8¥ co - PX vector valued tune- )

→ Icn - 0¥61, fat - ✗FAX
= ✗TATPX
-£✗TPA+ATp)✗



Thm-CThm.at and 4.2 in Khalil )

-
Assume I - ☐ is eqlb . of * etat

-
bet 11:42

"
-SIR be positive def

① ÑCXI to if ✗ ED → open set containing
0

⇒ I=o is stable

② itch to it ✗ c-D

✗to

5 Ñ - o is AS

⑧ Isonzo Hx c- IR
"
and

it is radially unbounded

• as is GAS



Proof :

① HE > 0, we need to find 8 5. t-

if XX .cn/1.cd--s1lXct7l1lEltt

- Pick REG, E) S.t.

Br - { ✗ Hunter } * D

- Enough to show 11×11-111 C- Br

- 1-et ✗- min VCX)
11×4>r

-
Take 13 C- Co,x) and let

_rp={ ✗ c-BRANNER}
Ap has following properties

d) 0 C-Ap

cii-hpcintc.BR#&
"

B
,

J
a.⇒ * ✗↳ on ,,
⇒ ✗ it)6-n☐



- why Ciii ) hold?

ÑCXUD so ⇒ ✗can] 2- Vacant ↳ B

it too

-
Therefore

,
we need to choose the initial condition

inside the set this

-
In other words

,
d should be small enough

S.t. 13g CAB

- Because llcx) is continues
,
and VG) - o

⇒ IS 5.t . if 11×-011*5%7 vasep

- Therefore wehave 13g CAB C Br

✗ a) C- B§%%a, c-Ap ¥-5 Xct, c--43
⇐x-D
⇒ At C- Britt

→ 11kcal 1148 A 1111cm HENCE Ht

T•
& I - D is stable



② assume Ian Ko

- need to show Acts → 0 as t -soo

-
From part ① we know that 11×4-111 EE Itt

- Moreover , Venti ) is decreasing in t

and bounded from below ( Va) >,o)

-
Therefore

, Vaca,) has a limit as too

1in Vcxct ,) = @
too

-
If c-0 , we are done because

4cm - • only at ✗ -⑤

-

If c > o , we prove by contradiction.

assume Vcxcti ) > 880

Fd > os.to it 1111USD -> Vance

→ 1111AM > d



- bet -8 - max Ict)
dr# ✗11 ZEB

- By assumption ICM Lo we know 0 > O

t
- VCX cts) - XCXcosj-f.ie/ctDdt

£114m) -At

-
The RHS becomes negative as tho

-
This contradicts the assumption that

llcxcti ) ¥0 -3 I -0

Pictoris:
Boo

V41
>↳

the> {✗ c-112^1 VCXIEC}
level surface

-
Igo → stays inside

-
Deo ⇒ has to go to zero


